Diffusion in Pore Networks: Effective
Medium Theory and Smooth Field

Approximation

The problem of diffusion in pore networks of a certain class is consid-
ered, and a procedure for estimating effective diffusivities is formulated.
The effective-medium theory is used to obtain an effective conductance
for the network, which is then used to determine the effective diffusivity
starting from first physical principles and utilizing the observation that a
network of pores of uniform conductance satisfies the smooth fieid
approximation. Comparison of the estimated intraparticle diffusivities
with those obtained from the exact solution of the transport equation for
large networks reveals high accuracy and reliability of the method.
Results for a number of pore networks show that the smooth field
assumption should not be employed arbitrarily since it always predicts
higher effective diffusion coefficients than the exact ones, by more than
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one order of magnitude in some cases.

Introduction

Mass transport in porous media plays a major role in gas-solid
reactions, both catalytic and noncatalytic, involving particles or
pellets of porous solids. Most of the industrially important gas-
solid reactions occur in the transition regime of intraparticle dif-
fusion and reaction, that is, under reaction conditions where
both intrinsic kinetics and intraparticle diffusion are important.
When mathematical models that describe the transient or
steady state behavior of the above reactive systems are formu-
lated for use in gas-solid reactor design or analysis of experimen-
tal reactivity data, appropriate expressions that relate the fluxes
of the diffusing gaseous species in the porous structure to their
concentrations and to the properties of the porous solid are
needed in addition to material and energy balances. The effects
of intraparticle mass transport limitations are usually more pro-
found in noncatalytic gas-solid systems owing to the fact that
the pore structure of the solid evolves locally and in time, leading
in turn to changes in the resistance for mass transport in the por-
ous medium. Recent computer simulation results by Sotirchos
and Burganos (1986), for instance, have shown that the ignition
and extinction phenomena observed in the combustion of coal-
derived char particles are strongly influenced by the initial rate
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limitations for mass transport, as quantified by the effective dif-
fusion coefficient, and their evolution with the progress of the
reaction. Similar conclusions have been reached by Sotirchos
and Yu (1985) for gas-solid reactions with solid product. It was
found that the transient behavior of reacting calcined limestone
particles in an environment of SO,, and eventually their sorptive
capacity for SO, removal from coal combustion gases, may
depend more strongly on the intraparticle diffusivity than on the
diffusion coefficient in the product layer.

Flux relations are usually the fruit of combined theoretical
and experimental investigation of the intraparticle mass trans-
port problem. Two are the most frequently used approaches in
modeling the pore space of a given solid with the objective of
deriving flux expressions (Jackson, 1977): the pore structure is
treated as a capillary network, usually of cylindrical pores, or
attention is focused on the way in which the solid phase
obstructs the motion of the molecules in the gas phase. The lat-
ter approach is characteristic of the dusty-gas model (Mason et
al., 1967; Mason and Malinauskas, 1983) and of related flux
models.

Several flux models based on pore models of varying complex-
ity have been presented in the literature (van Brakel, 1975;
Jackson, 1977; Cunningham and Williams, 1980). However,
most of these pore models consider special types of pore size dis-
tribution (discrete unimodal or bimodal, for instance), and con-
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sequently the applicability of the corresponding flux relations is
rather limited. A general class of flux models that can be used
with any type of pore size distribution was formulated by
Stewart and coworkers (Johnson and Stewart, 1965; Feng and
Stewart, 1973). For multicomponent mixtures, the dusty-gas
model flux relations are used to describe diffusion in a single
pore, and the flux relations for the porous medium are obtained
by averaging over the pore size and pore orientation distribu-
tions.

A common feature of most pore-based flux models is that they
consider that the smooth field assumption (Jackson, 1977) is
valid, that is, that the axial concentration gradient in a pore seg-
ment is equal to the component of the macroscopic concentra-
tion gradient in the direction of the pore axis. The macroscopic
concentration field is assumed to be a smooth function of posi-
tion in the porous medium. The smooth field approximation
clearly ignores the interaction of fluxes at the intersections of
different capillaries, and hence it may violate the material bal-
ance equations there. As a result, the smooth field assumption
holds rigorously only for networks of infinitely long, straight,
nonoverlapping capillaries and, as we will see later, for some
special types of networks. If the smooth field approximation is
not used, the microscopic concentration field that is needed for
the computation of the fluxes in the various pore segments can
be obtained only by direct solution of the transport equation in
the pore network. Such an approach was followed by Nicholson
and Petropoulos (1968, 1971, 1973, 1975), who solved numeri-
cally the transport equation in several two- and three-dimen-
sional networks. If the porous medium or pore network repeats
itself periodically in space—that is, it consists of identical unit
cells spanning the whole space—it can be shown (Ryan et al.,
1980; Gavalas and Kim, 1981) that the problem reduces to solv-
ing the transport equation only for the unit cell.

If the interstices between the solid walls in the porous medium
are considerably larger than the mean free path in the gas phase,
flux expressions may also be derived following a third approach
in which the gas phase is treated as a continuum. As a result,
several methods developed to treat conduction in multiphase
media may be used to develop flux relations and estimate effec-
tive diffusion coefficients. The problem of effective conductivity
(thermal, electrical, etc.) in multiphase media dates back to the
19th century when Maxwell (1881) developed an expression for
the effective conductivity of a system consisting of nonconduct-
ing, uniformly sized spheres embedded in a medium of known
conductivity. Maxwell’s result was later extended by Rayleigh
(1892) for application to a uniform medium interrupted by
cylindrical or spherical (conducting) obstacles arranged in rec-
tangular arrays. Bruggeman (1935) investigated media with
obstacles with various geometries in an attempt to improve Ray-
leigh’s result in both two and three dimensions. For a three-
dimensional dispersion of spheres the following expression was
obtained for isotropic effective media:

g q.
v— = 1 -—=
G—g—P P _g (1
vr2d 14 02%
qs qs

In Eq. 1, g, stands for the effective conductivity, g, is the con-
ductivity of the medium, e is the porosity, and v is the ratio of the
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conductivity of the obstacles to that of the medium. Brugge-
man’s results were generalized by Landauer (1952)—and later
by various other investigators—into the so-called effective-
medium theory (EMT) when he treated each crystal in a binary
crystal mixture independently, as if it were surrounded by a
homogeneous medium of unknown electrical conductivity. A
similar analysis was later performed by Kirkpatrick (1973} in
random networks of electrical resistors in two and three dimen-
sions. The EMT equation thus obtained relates the effective
conductivity/conductance of the inhomogeneous medium/net-
work to the distribution of conductivities/conductances of the
different phases/resistors and their interconnectiveness, the lat-
ter represented by a coordination number z:

f (9.8) - (9., &)

(4

f1(g, g)1d(q. g =0 (2)

4 2) + (g - 1) 4. 2.)

In Eq. 2, g denotes the conductance of a resistor in the network,
and (g, g) is used to indicate g or g in this order. Observe that for
a two-phase medium Eq. 2 reduces to Eq. 1 for coordination
number equal to 6.

The effective-medium theory can be used in a straightforward
fashion to obtain the effective diffusivity of some species in a
multiphase system simply by using the diffusivity in place of
conductivity ¢ in Eq. 2 and identifying f(g) with the porosity
distribution density (Davis et al., 1975; Davis, 1977). If each
pore in a network is treated as a resistor, Eq. 2 may also be
employed to estimate the effective conductance of each pore in
the network, as was done by Benzoni and Chang (1984) for a
network of micropores and macropores. The relation of the
effective conductance of the pores to the effective diffusivity of
the medium, however, is not obvious, and Benzoni and Chang
had to resort to rather arbitrary definitions of “effective” pore
length and radius in order to extract the value of the effective
diffusivity.

In what follows, the problem of mass transport in a class of
pore networks is considered, and a procedure for estimating
effective diffusivities in such structures is developed. Applica-
tions to solids with various pore size distributions follow, and the
predictions of our method are compared with effective diffusivi-
ties obtained from the exact (numerical) solution of the trans-
port equation in large networks.

Pore Network Representation of Porous Media
and Effective Diffusivities

The concept of a lattice arises in physical sciences from con-
sideration of a set of abstract objects, called atoms or sites, that
are interconnected via paths called bonds. In general, a lattice is
characterized by its dimensionality, its coordination number,
and its microscopic topology (Dullien, 1979). We build our pore
network around a lattice of uniform coordination number in the
sense that the bonds of the lattice serve as axes of the pores of
the network, as represented by item fin Figure 1. In this way, all
properties of the original lattice are transferred to the pore net-
work; thus, we can speak of pore network dimensionality and
coordination number. The coordination number is equal to the
average number of bonds leaving each site (Shante and Kirk-
patrick, 1971), which is alternatively called “node.”
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Figure 1. Lattices and pore networks.
a. Square; b. Hexagonal; c. Triangular; d. Kagomé; . Cubic; f. Node of a pore network

Some two- and three-dimensional lattices of uniform coordi-
nation number are shown in a—e of Figure 1. Observe that the
microscopic topology of the square and Kagomé lattices is dif-
ferent although their dimensionalities and coordination num-
bers are the same. If a two-dimensional lattice is used as skele-
ton of the pore network, it is understood that the porous medium
is visualized as consisting of parallel layers, with the two-dimen-
sional network embedded in each layer. The cross section of
each pore segment is circular and uniform in size along the pore
axis. The length of the pores is considerably larger than their
radius so that flux expressions that hold for long pores can be
used in each pore segment.

We describe the pore network using the distribution density
F(r, 1) where F(r, I)dldr is the number of pores per unit volume
with radius in the interval [r, » + dr] and length in [/, ] + d!].
This is related to the usual porosity density function, for negligi-
ble overlap volume at the nodes, by the relation

e(r) = wr? [ IF(r, 1)dl 3)

A network of uniform pore length, /,, can be described by the
distribution density R(#), with R(r)dr being the number of pore
segments per unit volume with radius in the interval [r, r + dr],
in which case

&(r) = R(r)wri,
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If the pore length is distributed independently of the pore size
according to the distribution density L(/), we may write

(r) = R(F)rr? [ IL(D)dl (4)

L(l)dl is equal to the number fraction of pores with length in the
interval [/, ] + dl]. [We refer to ¢(r) because it is the most fre-
quently used distribution density for the description of a porous
medium.]

For binary diffusion of species A4 in a pore segment identified
by subscript i, we can write

ﬁi = -DVg, (%)

where D; is the diffusion coefficient in pore i, which for small
concentrations of the diffusing species can be considered inde-
pendent of concentration. Under nonreactive conditions, it fol-
lows from the continuity equation for the diffusing species that
N, is constant. Using Eq. 5 we find that the rate of molar flow of
A in pore i is given by

N, = —DazriAc,/I, )

where D;, r;, I;, and Ac; are respectively the diffusion coefficient,
the radius, the length, and the concentration drop between the
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two ends of pore i. Introducing Eq. 6 in a material balance over a
control volume containing one node only, gives the equation

Dar?
> =8¢ =0 (N

where the summation involves all pores that meet at that node.
Equation 7 is analogous to Kirchoff’s first law for electric cir-
cuits, as it expresses a similar principle of current conservation.
To complete this parallelism, we call the quantity

g = Dgrl/l, (8)

the conductance of pore i (see also Gavalas and Kim, 1981), and
assume that concentration gradients within the overlapping vol-
ume at the node can be neglected, since the size of the overlap
region is much smaller than the length of the pores.

The effective diffusivity for binary diffusion in a porous
medium is defined by the expression

N=-DYc )

where IV and V¢ are the macroscopic flux and concentration gra-
dient, respectively. Equation 9 must be the starting point for the
estimation of the effective diffusivity from experimental data or
for the derivation of diffusivity expressions using some flux
model for the porous medium. Notice that in writing Eq. 9 it has
been tacitly assumed that vectors NV and Vc are colinear.

The macroscopic diffusion flux in the porous medium that
appears in Eq. 9, can be found by averaging over a domain % of
the three-dimensional space the contribution to the macroscopic
flux of all pores lying in # and taking the limit that this quantity
attains as domain % increases in size. From the definition of the
macroscopic diffusion flux it follows that

N[22

. -
V= |77

(10)

In Eq. 10 the summation is taken over all pores lying in domain
#, m; denotes the total moles of the diffusing species present in
pore i, and 9, is the average velocity of the molecules of the dif-
fusing species in pore i. By the limiting process of Eq. 10, we
mean that the characteristic length of domain # (V''*) is con-
siderably larger than the average pore size; that is, domain %
contains a statistically representative part of the pore network.
It is understood that in writing Eq. 10 the macroscopic concen-
tration gradient is considered constant over %. For the pore seg-
ment indicated by index i, it can readily be shown that

m; = N.in, an
where n, is the unit vector parallel to the pore axis. Introducing
Eq. 11 in Eq. 10 and using Eqs. 6 and 8, the expression for the
macroscopic diffusion flux becomes

N = —lim [ZLA;ig] (12)

Ve
The estimation of the macroscopic flux using Eq. 12 requires

knowledge of the concentration drop in each pore segment found
in the control volume V, that is, the microscopic concentration
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field in the pore network. This can be obtained only by direct
solution of the system of Eqs. 7 for a large sample of the pore
network, as is done later in the section on comparison with
numerical results.

Smooth field approximation

We have mentioned that the development of pore-based flux
models is greatly facilitated by introducing the smooth field
approximation (Jackson, 1977), that is, by assuming that the
concentration gradient in a pore can be represented by the pro-
jection of the macroscopic concentration gradient on the pore
axis. For a pore identified by subscript i, the smooth field
approximation states that

Ac,=1Iim; - Ve (13)
Introducing Eq. 13 in Eq. 12, we find that the macroscopic dif-
fusion flux predicted by applying the smooth field approxima-
tion (SFA) to a pore network is given by

NS— —K [Z kg l}(mn? )] Ve (14)

where K is the number of pores per unit volume, k, is the number
fraction of pores of type i in the pore network, and the summa-
tion is taken over all types of pores present in the network.

The macroscopic diffusion flux given by Eq. 14 is not neces-
sarily colinear with the macroscopic concentration gradient.
Consequently, Eq. 14 defines, in general, an effective diffusivity
tensor for the porous medium given by

D; - K[Z kig; 1} (nnT )] (15)

which depends on the orientation of the pore network with
respect to the macroscopic gradient, that is, on the unit vectors
n;. Scalar effective diffusivities for isotropic porous media can be
extracted from Eq. 14 if one assumes that a pore network of a
certain orientation with respect to the macroscopic concentra-
tion gradient represents one of infinitely many orientational
realizations of the isotropic porous medium. Consequently, the
average macroscopic diffusion flux is found by averaging the
result given by Eq. 14 with respect to all orientations of the pore
network, i.e., with respect to all values of the unit vectors n,.
Using the fact that the orientational average of the pore “tor-
tuosity” tensor m;n] is equal to (1/7)1 we readily obtain from
Eq. 14, using Eq. 9, that

1
DI -- K{Z k.-g.-l.?] (16)
T i
For a network of pores of uniform size, Eq. 16 becomes
s 1 2712
D; = - Kgl; an
T

where £ is equal to the number-average pore conductance. The
tortuosity factor 7 is equal to 3 unless the network is two-dimen-
sional and the macroscopic concentration gradient is kept paral-
lel to the plane defined by it. In the latter case, 7 is equal to the
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dimensionality of the network, i.e., 2. A similar orientational
averaging process was used by Gavalas and Kim (1981) for
inducing isotropicity to the periodic pore networks they stud-
ied.

Using the distribution density F(r, I), Eq. 16 is written

1
s _ - 2
D] = " K[[ gl*F*(r, l)dldr (18)

Equation 18 may also be written in terms of the porosity density
function, «(r). Using Eqgs. 3 and 8 and after some rearrange-
ment, we obtain the expression

DS = % f D(e(r)dr (19)

As expected, this is the expression for the effective diffusivity
given by the flux models of Stewart and coworkers (Johnson and
Stewart, 1965; Feng and Stewart, 1973) for small concentra-
tions of the diffusing species in a binary mixture. If the pore
length is distributed independently of the pore size, i.e.,
F(r,1) = R(r) L(I), the expression for the effective diffusivity,
Eq. 18 or 19, may also be written, using Eq. 4, in the form

s 1 AD(Y)
D} = —€ ) (20)
where (- ) denotes the average of quantity - with weight func-
tion R*(r).

Unfortunately, Eq. 14 and the resulting diffusivity expres-
sions cannot be applied to an arbitrary pore network since the
smooth field approximation may violate the material balance
equations at the nodes. Indeed, introducing Eq. 13 in the mate-
rial balance at the nodes (Eq. 7), we get the equation

2 glhn - Ve=0 @1

which obviously does not have to be true for an arbitrary net-
work.

Effective-medium approximation

If all nodes in the network are topologically equivalent, as is
the case with networks built around the two- and three-dimen-
sional lattices shown in Figure 1, the effective-medium theory
for resistor networks (Kirkpatrick, 1973) can be used to find the
effective conductance of each pore, g,, in a uniform network that
presents, approximately, the same overall resistance to diffusion
as the original network. Equation 2 is now written

f g8

£ z
-——=1
g+(2 )ge

where f(g)dg is the number of pores per unit volume of porous
medium that have conductance in the interval { g, g + dg]. Fora
network of uniform pore length, the pore conductance is a single
function of the pore radius, and hence f(g)dg = R(r)dr. For the
general case of distributed pore size and pore length, indepen-

f(g)dg =0 (22)

1682 October 1987

dently or not, the effective medium equation for the mass trans-
port problem in pore networks is written

I

g(r,1) — g, (23)

F(r,Ddldr =0
zZ
g(r’l) +(—2__ 1 &

The effective conductance that results from Eq. 22 or 23 is not
directly related to the effective diffusion coefficient of the por-
ous medium associated with the pore network considered. In
their application of the effective-medium theory to a lattice of
micropores and macropores, Benzoni and Chang (1984) over-
came this difficulty by computing the effective diffusivity from
the relation

D, - gI/w# (24)
where /and # are the arithmetic mean values of pore length and
radius. Such a relation, however, cannot be supported by any
physical argument.

For a network of uniform conductance and pore length, such
as the effective network of a network of pores of uniform length,
Eq. 21 takes the form

Z_@,-Vc=0 - (25)

which depends only on the orientation of the pores meeting at a
node. It can be easily verified that all pore networks built around
the lattices shown in Figure 1 satisfy Eq. 25. Consequently, the
microscopic concentration field in the effective pore network
that results from networks of uniform-length pores with the
topology of the lattices shown in Figure 1 can be rigorously com-
puted by applying the smooth field assumption. In the rest of
this section and in the next two sections, we will concentrate on
pore networks of uniform pore length. As we shall see later in the
summary section, the diffusivity expressions obtained may also
be applied to networks of distributed pore length, provided that
an appropriate value of /, is used.

Since the effective network satisfies the smooth field assump-
tion, its effective diffusivity must be given by Eq. 17, which is
now written

E-S
D7 =

o

Kg,l} (26)

Superscript £-S will be used to denote the effective diffusivities
obtained from the effective-medium theory after applying the
smooth field assumption (EMT-SFA procedure). The number
of pores per unit volume is related to the porosity of the network
by the equation
e = 7Kl (r*) (27)
For the product of the effective conductance with the pore
length, on the other hand, we have that
gelu = T<D(r)r2)e (28)
where (D(r)r?), denotes the effective medium average of quan-
tity D(r)r* with weight function R *(r). Introducing Eqs. 27 and
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28 in Eq. 26 yields the expression

1 (D(r)yr?).

DE—S -
Fecey 29)
It follows from Eqgs. 17, 26, and 20, 29 that
DI g (DN,
_& _(D(nrt) (30)

DS T T (DO

For a pore network of uniform length, therefore, the deviation of
the effective diffusivity based on the EMT-SFA procedure from
that resulting from application of the smooth field approxima-
tion to the original network is proportional to the difference of
the effective and number-average conductances, or equivalent-
ly, to the difference of the average quantities (D(r)r*)e and
{D(r)r?). It is interesting to observe that the EMT-SFA effec-
tive diffusivity given by Eq. 29 depends on the total porosity of
the pore network, the normalized form of distribution density
R(r), and the coordination number, but not on the pore length or
the microscopic topology and dimensionality of the lattice. For
instance, the effective diffusivities predicted for networks with
the topology of the two-dimensional Kagomé and square lat-
tices, Figure 1, and of the three-dimensional diamond lattice are
the same for given e and R*(r).

Applications

We consider a network of uniform-length pores that is built
around the regular cubic lattice shown in Figure le. Using Eqgs.
17 and 26 and the fact that K = 3//}, we have that

pEs - 31)
ps -4 (32)

It must be pointed out, however, that direct application of Eq. 14
to the cubic network would lead to the same result since—as can
easily be shown by considering the single-pore “tortuosity” ten-
sor in polar coordinates—the regular cubic network is isotropic.
This observation also applies to all two-dimensional networks of
Figure 1, although for two-dimensional diffusion. Comparison
of Eq. 31 with the diffusivity expression proposed by Benzoni
and Chang (1984), Eq. 24, clearly shows that their procedure
overestimates the effective diffusivity of the porous medium.
The ratio of the diffusivities predicted by Eqs. 31 and 24 for a
network of uniform-length pores is equal to ##?//%, and conse-
quently the predictions of Egs. 31 and 24 approach each other
only if 7 and /, become comparable. In such a case, however, the
analysis on which the development of Eqs. 31 and 24 was based
is no longer valid since Eq. 6 does not hold for short cylinders
and the overlap volume at the nodes cannot be neglected.

An expression for the diffusion coefficient in a single pore is
needed for applications. For binary diffusion of small concentra-
tions of species A4 in a long pore segment, we have that the diffu-
sivity in the pore is given by

D= Dy _ or
DK Q"

14+ =X =2
+$ 1+$
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where Dy is the Knudsen diffusivity in the pore, D is the bulk
diffusion coefficient, and @ is the proportionality constant
between Dy and pore radius. The pore conductance is then writ-
ten, using Eq. 8, as

(33)

Treating Q/D as a parameter, the whole transition regime
between the limiting cases of bulk and Knudsen diffusion con-
trol can be investigated.

We will first examine what happens for a discrete multimodal
distribution of pore size with porosity density

e(r) = t €o(r — r)

The number density for the pore conductances then has the
form

S(&) = fidlg - g)
iwl
where g is given by Eq. 33. It can readily be shown that

! (34)

=2
wril,

i
while Eq. 22 reduces to a p-term summation

f’: Y __g_-'_z‘_L -0 (35)
RPN A |
e[
For the special case of a bimodal pore size distribution (p = 2)

applied to a cubic pore network (z = 6), Eq. 40 reduces further
to a quadratic equation, whose solution is

Qe -1)g + Q2 -a)g 1
8= 41 + ) a1 + @)
{lQa ~ g + (@ — 2)g,)* + 36“3132}1/2 (36)
with
A ¢\ [r\2
-0 7

The variation of the effective diffusivity ratic D£S/D?%, Eq. 30,
with the porosity ratio (¢ /¢,) for a discrete bimodal pore system
arranged in a regular cubic network is shown in Figure 2 for r,/
r, = 10. We observe that the effective diffusion coefficients
obtained by direct application of the smooth field approximation
to the original network are significantly larger than those result-
ing from the effective pore network, by more than one order of
magnitude in some cases. The difference between the two effec-
tive diffusivities increases as we move from the bulk diffusion
regime towards the Knudsen regime. The reason for this behav-
ior of the results lies in the fact that the ratio of the two types of
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conductances that exist in the network changes from 10 for r,/
r, = 10 in the bulk diffusion regime to 10° in the Knudsen
regime, Eq. 33, Similar conclusions are also derived from Figure
3, which presents the dependence of D£*/D?$ for Knudsen diffu-
sion on the pore size ratio of the bimodal system. It is again
observed that the SFA predictions are considerably higher than
those of the effective-medium theory, except for the two mono-
disperse limits ¢, /e; = 0 and ¢, /e, — o where the difference
between the two diffusivities becomes identically zero.

It is not surprising that the effective-medium theory always
predicts lower effective diffusivities. After some rearrangement
Eq. 35 may be written in the form

(38)
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Variation of ratio of EMT-SFA and SFA effective
diffusivities for Knudsen diffusion with porosity
ratio and pore size ratio of a bimodal pore sys-
tem.

Figure 3.
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For coordination number z = 2 one readily realizes that the
effective-medium theory, as expressed by Eq. 38, treats the dif-
fusional resistances of the pore network as if they were in series.
On the other hand, if we divide Eq. 35 by (z/2) — 1 and take the
limit as z — oo, we find that the effective-medium conductance
is equal to number-average conductance g, that is, the diffu-
sional resistances are added in parallel. For other coordination
numbers an intermediate situation results. However, the effec-
tive diffusivity predicted by applying the smooth field approxi-
mation to the original network is always based on the number-
average conductance, Eq. 17, and consequently it is higher than
that predicted by the effective-medium theory.

More results for the diffusivity ratio D£S/DS of a cubic net-
work are shown in Figures 4, 5, and 6 for continuous distribu-
tions of pore size or pore conductance. Figure 4 presents resuits
for a normal pore size distribution with density function

R(r) = A exp [— 9—’—'"—)1 H(r)

20?

where A4 is a constant and the Heaviside function H(r) is
employed to exclude negative pore sizes. As in the case of a dis-
crete bimodal distribution, it is seen that the smooth field
approximation predicts larger effective diffusivities if it is
directly applied to the original network. As expected, the differ-
ence of the EMT and SFA predictions increases as the distribu-
tion of pore size becomes broader, i.e., as the normalized stan-
dard deviation, ¢/r,,, increases. The predictions of the smooth
field approximation deviate from the effective-medium resuit
more in the Knudsen diffusion regime since the pore conduc-
tance given by Eq. 33 varies over a wider range for Knudsen dif-
fusion.

A similar trend is exhibited by the curves of Figure 5, where
the pore size distribution is taken to be uniform over the range
[r«, r*], i-e., with distribution density R(r) = 4/(r* — r,). For
this density function, the integration in Eq. 22 can be carried out
analytically to give an algebraic equation, expressed in terms of
transcendental functions, which is then solved numerically to
obtain the value of g,. The diffusivity or conductance ratio

Cubic Network
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Figure 4. Dependence of effective diffusivity ratio on

standard deviation, 4/r,, of a normal distribu-
tion density of pore size, R(r).
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Figure 5. Dependence of effective diffusivity ratio on ra-
tio of limits of pore size range, r,/r*, for a solid
with uniform number distribution density of
pore size, R(r).

(DES/ D3 or g,/8) depends only on the ratio of the limits of the
pore size range (r, /r*) that is used as abscissa in Figure 5. Once
more it is seen that the predictions of the two methods approach
each other in the vicinity of the monodisperse limit only (i.e.,
r./r* = 1). Notice that for r, /r* = 0 the diffusivity ratio of
Figure 5 approaches a finite value. This is not, however, the case
if the porosity of the pore network is assumed to be distributed
uniformly over [r,, r*],i.c., e(r) = 4/(r* — r,). Results for this
case are shown in Figure 6, where it is observed that as r, /r* —
0, the diffusivity ratio, DES/DS, also approaches zero. This
behavior is due to the fact that the diffusivity predicted by the
EMT-SFA procedure becomes zero as r, /r* — 0. As can be
shown, the integrals of the density functions f(g) and R(r)
approach infinity for the above form of ¢(r) as g and r approach
zero.

24 Cubic Network
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Dependence of effective diffusivity ratio on ra-
tio of limits of pore size range, r,/r*, for a solid
with uniform porosity density function, (7).

Figure 6.
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Comparison with Numerical Results

In this section the effective diffusivity in square and cubic
networks is computed “‘exactly” through probabilistic modeling
of the porous medium using Monte Carlo simulation proce-
dures, and the results are compared with the predictions of the
SFA and EMT-SFA approximations. If the smooth field
assumption is not invoked in the analysis of the original network,
the microscopic concentration field that is needed for the com-
putation of the macroscopic flux V using Eq. 12 can be found
only by directly solving the equations that describe mass trans-
port in the pore network. Application of Eq. 12 requires knowl-
edge of the microscopic concentration field in a domain # of the
porous medium, of volume ¥, whose characteristic size (V'/4) is
much larger than the average pore length. The mass transport
problem in domain % is described by the nodal balances, Eq. 7,
at the interior nodes complemented by a set of boundary condi-
tions induced by the macroscopic concentration gradient. For a
cubic network, we consider a cubic domain whose bounding
planes are parallel to the faces of the unit cells of the lattice and
intersect the lattice at nodal positions. Equation 7 is then written
for all interior nodes, and appropriate boundary conditions are
applied to nodes lying on the boundary of the cubic domain.

Some remarks regarding the choice of boundary conditions
are in order here. Let us consider a system of rectangular coordi-
nates x, y, and z positioned in such a way that its axes are respec-
tively perpendicular to the three pairs of parallel faces of the
cubic domain. Let n,, n,, and n, denote the unit vectors along the
axes of the Cartesian coordinate system. The simplest choice of
boundary conditions results if the macroscopic concentration
gradient is considered perpendicular to a pair of parallel bound-
ing planes, for instance, those parallel to the yz plane. The nodal
concentrations at these two planes are then set equal to ¢, and
¢y + Ac,, respectively, where the concentration difference Ac, is
related to the macroscopic concentration gradient by the rela-
tion Ac, = aVc - n,, where a is the side of the cubic domain.
Since there is no net diffusion in directions that are normal to
the macroscopic concentration gradient, the side boundary
planes, i.e., those parallel to the x-axis, are simply assumed to be
impervious to diffusion; that is, the molar flow in pores ending at
sites lying on the side planes is set equal to zero. Another alter-
native for the boundary conditions applied to nodes lying on the
side planes is to assume that the pore network extends to infinity
in directions perpendicular to the macroscopic gradient in the
sense that the cubic domain # serves as its unit cell; that is,
translation by distance a along the y or z axis leaves the network
invariant. The concentrations at nodes that are separated by dis-
tance a in the directions parallel to the y or z axis are therefore
equal, and periodic (cyclic) boundary conditions apply to points
lying on opposing faces of domain %. Such boundary conditions
were used by Kirkpatrick (1973) in his numerical investigation
of the percolation properties of three- and two-dimensional lat-
tices (cubic and square).

The fact that the macroscopic concentration gradient is taken
perpendicular to a pair of faces of the cubic domain J does not
limit the generality of the results because of the isotropicity of
the cubic lattice. If no assumption about the direction of the
macroscopic concentration gradient is made, we may consider
that the pore network extends to infinity in all directions, that is,
translation by a along the x, y, or z direction leaves the network
invariant. The boundary conditions are then obtained by uti-
lizing the observation that the solid is now characterized by a
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periodic structure in ali three directions with domain # serving
as its unit cell. Consequently, the concentration difference
between pairs of points that are separated by distance a in the
direction parallel to the unit vector n,, n, or n, satisfies the rela-
tion (Gavalas and Kim, 1981) Ac, ,, = aVc - n, ., where x, y, z
denotes x, y, or z in this order. The set of algebraic equations
(nodal balances and boundary conditions) that results if the
above procedure is followed is linearly dependent, and its solu-
tion requires that the value of the concentration at one nodal
point of # be specified (Gavalas and Kim).

Similar procedures are followed in setting up the numerical
simulation equations for the square network. However, diffusion
now occurs in two dimensions, and only one “slice” of the porous
medium (with the two-dimensional network embedded in it) is
considered. The linear algebraic system that results in both
cases {cubic and square) with any choice of boundary conditions
has the general form

Ac=1b

(39)

where ¢ is the vector of nodal concentrations. The structure of
matrix A is sparse and similar to that of matrices arising in fin-
ite-difference schemes. Most elements of & are also zero, with
the exception of those corresponding to sites located at the
bounding planes. The linear systems of algebraic equations, eq.
39, were solved using standard iterative procedures developed
for elliptic differential equations discretized by finite differences
in two or three dimensions (Lapidus and Pinder, 1982). Specifi-
cally, overrelaxation led to marked acceleration of the conver-
gence of the Gauss-Seidel iterative scheme and made it possible
to handle large samples of the porous medium (for instance,
200 x 200 for the square and 40 x 40 x 40 for the cubic net-
work) within reasonable computational time. The nodal concen-
trations were then used to compute the macroscopic flux vector,
and thence the effective diffusivity, by use of Eqs. 12 and 9.

The assignment of radii, and hence of conductances, to the
pores lying in & was accomplished through random sampling
from a prescribed distribution of pore size, as expressed by the
density function R(r), using standard procedures in the litera-
ture (Cashwell and Everett, 1959; Bird, 1976). For sufficiently
large sample sizes, the differences among the results obtained
with different boundary conditions proved to be negligible.
However, it must be mentioned that the third set of boundary
conditions, with domain # serving as the unit cell of the porous
medium in all three directions, appeared to give results that
were more close to the “‘exact” effective diffusivity (i.e., the
value obtained for very large samples). For a given pore net-
work, a number of different realizations of domain # were
employed in our computations to eliminate the possibility of
working with nonrandom sequences.

Resulits for pore networks with discrete bimodal distribution
of pore size are shown in Figure 7 for a three-dimensional cubic
network. The results are presented in terms of the ratios of the
effective diffusivities predicted by the SFA and EMT-SFA
approximations to the numerically computed value, which are
plotted as functions of the porosity ratio of the discrete bimodal
system (r,/r, = 10). It is seen in Figure 7 that the EMT-SFA
predictions almost coincide with the “exact” results over a wide
range of porosity ratio, ¢ /¢,, both for Knudsen and bulk diffu-
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network with discrete bimodal distribution of
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Figure 7.

sion. On the other hand, the SFA effective diffusivity is always
larger than the numerically computed value, which it ap-
proaches only at the two unimodal limits (¢, /e, — O and
€,/€;—* ).

The existing differences between the numerically computed
effective diffusivity and that given by the EMT-SFA approxi-
mation over a relatively narrow range of porosity ratio are not
surprising. They relate to the well-known fact (Kirkpatrick,
1971, 1973) that the effective-medium theory does not provide a
satisfactory approximation of the effective conductance of a lat-
tice of conducting and nonconducting bonds (g, = 0) close to its
percolation threshold, that is, close to the value of the number
ratio of conducting and nonconducting bonds (« = £, /f,, accord-
ing to our notation) below which the conducting bonds exist only
in the form of isolated, finite clusters (Kirkpatrick, 1971, 1973).
As can be found using Eq. 35 for p = 2 and g, = 0, the percola-
tion threshold predicted by the effective-medium theory for a
network of coordination number z is equal to 2/z. This gives a
percolation threshold of 0.33 for a cubic lattice, while the exact
value is about 0.25 (Shante and Kirkpatrick, 1971). However,
both types of bonds (pores) considered in the network of Figure
7 are conducting. Thus, as the percolation threshold is neared by
decreasing the f,/f, ratio (or equivalently, ¢/¢,), diffusion
through the smaller pores becomes dominant and the effective
diffusivity that is computed numerically or predicted by the
effective-medium theory goes through a drastic decrease ap-
proaching the value corresponding to a unimodal pore system, of
small pores only. As can be clearly seen in Figure 8, this happens
at a higher ¢, /¢, value for the effective-medium theory—since
the percolation threshold is also larger—leading to quantitative
differences between the numerical results and the EMT-SFA
approximation.

Similar behavior is exhibited by the results obtained for two-
dimensional (square) pore networks, which are shown in Figure
9. However, the observed differences between the exact diffusiv-
ity and that predicted by the EMT-SFA procedure are mark-
edly smaller than those seen in Figure 7 for cubic networks. The
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tive diffusivities with porosity ratio for the pore
network of Figure 7.

reason is that the effective-medium theory predicts exactly the
percolation threshold of a square lattice, which is equal to 0.5
(Shante and Kirkpatrick, 1971), and consequently the observed
differences mainly arise from the different slopes of the *“exact”
and EMT-SFA effective diffusivity vs. a curves in the vicinity of
the percolation threshold.

Comparison of the results for cubic and square networks, Fig-
ures 7 and 9, reveals that the predictions of the SFA approxima-
tion are worse for the square network. This is in accord with our
observation that as the coordination number of the network
increases, parallel combination of the resistances in the network
starts to dominate, leading eventually (as z — =) to negligible
differences between the “exact” result and the SFA value.
Another interesting observation is that the maxima in the
DS/ DEX ratio of Figures 7 and 9 are located close to the corre-
sponding percolation thresholds. (In terms of the porosity ratio
of the pore network, the percolation threshold of the cubic lat-
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Figure 9.

AIChE Journal October 1987

tice is located at ¢, /¢, = 25, while the corresponding value for the
square lattice is 50.)

The observed differences in Figures 7 and 9 between the “ex-
act” effective diffusivity and the two approximations increase as
Knudsen diffusion becomes the dominant form of mass trans-
port mechanism in the pores (compare with Figure 2). This is
expected since moving from the bulk to the Knudsen diffusion
regime leads to a tenfold increase in the ratio of the two types of
resistances present in the pore network (for r,/r, = 10). Still,
even in the Knudsen regime and for the cubic network, the
EMT-SFA approximation should be considered satisfactory as
it never becomes worse than 30%, while the SFA procedure
overestimates the effective diffusivity by more than two orders
of magnitude. In view of the above observations, the EMT-SFA
approximation is expected to perform considerably better for
narrower bimodal or multimodal distributions of pore size. This
should also be the case for continuous distributions of pore size,
which allow for smooth variation of the diffusional resistance
with the pore size. Results for a pore network with uniform dis-
tribution of pore size [R(r) = 4/(r* — r,)] are presented in
Figure 10, where the ratios of EMT-SFA and SFA effective dif-
fusivities to the “exact” diffusivities are plotted as functions of
the ratio of the limits of the pore size range, r,/r* (compare
with Figure 5). Indeed, we see there that the effective diffusivity
based on the EMT-SFA approximation almost coincides with
the exact result over the whole range of possible 7, /r* values.
This is not, however, true for the diffusivity obtained using the
SFA procedure, which again is considerably higher than the
“exact” value.

Summary and Further Remarks

The mass transport problem in random-pore networks of a
certain class was investigated, and a procedure for estimating
effective diffusivities in porous media characterized by such por-
ous structures was formulated. The pore networks considered
consist of long, straight, cylindrical capillaries of distributed
radius arranged around the bonds of a two- or three-dimensional
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Figure 10. Comparison of EMT-SFA and SFA approxima-
tions with simulation results for a cublic pore
network with uniform number distribution
density of pore size, R(r).
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lattice of uniform coordination number in such a way that the
bonds of the lattice serve as axes of the capillaries. (A two-
dimensional network is considered to be embedded in a slice of
the porous medium.) The effective-medium theory, as it has
been developed for resistor networks, is used to obtain an
effective conductance for the network, which is then used to
determine the effective diffusivity starting from first physical
principles and utilizing the observation that a network of pores
of uniform conductance satisfies the smooth field approxima-
tion.

Comparison of the effective diffusivity obtained through the
above procedure with the “exact” value determined through
Monte Carlo simulation of the random-pore network revealed
that the EMT-SFA procedure provides an excellent shortcut
method for estimating effective diffusivities in random-pore net-
works of uniform coordination number. Extensive computer
simulations for pore networks with discrete bimodal pore size
distribution showed that the EMT-SFA predictions deviate sig-
nificantly from the “exact” result only as the ratio of the popula-
tions of large and small pores approaches the percolation thresh-
old of the lattice.

Direct application of the smooth field approximation to the
original random-pore network violates the mass balance equa-
tions at the nodes of the network and leads to overestimation of
the effective diffusion coefficient, by more than one order of
magnitude in some cases. This is due to the fact that the smooth
field approximation always assumes that the resistances to mass
transport in the network are combined in parallel, while in actu-
ality a situation that is intermediate to paralle! and series combi-
nations of the diffusion resistances obtains. The differences of
the SFA predictions from the “exact” and EMT-SFA result
diminish as the coordination number of the network increases
and the distribution of pore size becomes narrower.

The flux relations and the attendant effective diffusivity
expressions that are obtained by direct application of the smooth
field approximation to the original network, Egs. 14 and 19, hold
for uniform as well as distributed length networks. However, the
EMT-SFA procedure developed in second Section for deriving
flux expressions and estimating effective diffusivities is applica-
ble to pore networks of uniform length only. For the general case
of a random network of distributed pore size and pore length,
described by the distribution density F(r, /), Eq. 23 may be used
to obtain the value of the effective conductance of the network,
but Eq. 26 applies to networks of uniform-length pores only.

We can overcome this difficulty by observing that the set of
Eqs. 7 that provides, together with appropriate boundary condi-
tions, the microscopic concentration field in the network de-
pends only on the distribution of conductances in the network
and on the number of nodes per unit volume. In other words, if
some pores in the network are shortened or lengthened, the vec-
tor of nodal concentrations in domain %, which serves as a rep-
resentative of the whole pore network, does not change provided
that the radii of the pores are decreased or increased accordingly
so that their conductances remain the same. We can therefore
assume that the original pore network is equivalent, with respect
to mass transfer, to a new network of uniformly sized pores with
the same distribution of conductances, the same coordination
number, and the same number of mass transport channels
(pores) per unit volume. If the new network is not isotropic, it is
understood that the various expressions derived for it are orien-
tationally averaged. Equation 26 can then be applied to the uni-
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form-length network to yield EMT-SFA expressions for the
original network. The length of the pores of the equivalent net-
work is needed for such an application. If the normalized form,
F*(r, I}, of the distribution density F(r, /) is known, the number
of pores per unit volume of the original network can be obtained
from the expression

K=e/ [ f xPIF*(r, 1) drdl

On the other hand, for a uniform-length network of known
microscopic topology and coordination number, we have that

(40)

K = function(z, topology, /,) (41)

The righthand sides of Eqs. 40 and 41 are set equal to each
other, and the resulting expression is then solved for /,. It follows
from Egs. 23, 26, 40, and 41 that the effective diffusivity (EMT-
SFA approximation) of a pore network of given F*(r,/) and ¢
depends on the coordination number and the microscopic topol-
ogy of the associated lattice only. Thus, if the effective diffusion
coefficient is also known (from mass transport experiments, for
instance), the above equations may be used to determine the
coordination number and the microscopic topology of the pore
network.
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Notation

a = side of cubic domain used in simulation computations

A = proportionality constant

¢ = concentration of diffusing species

d = dimensionality of network

D = diffusion coefficient

D = bulk diffusivity

Dy = Knudsen diffusivity
D = diffusivity tensor
f(g)dg = number of pores (bonds) per unit volume with conduc-
tance in range [g, g + dg]

J; = number of pores (bonds) per unit volume with conduc-
tance g; in a network with discrete distribution of con-
ductance or pore size

F(r, ydrd! = number of pores per unit volume with size in range
[r, r + dr] and length in range [/, [ + dl]

g = conductance of a pore (bond)

I = unit matrix

k; = number fraction of pores of type i

K = total number of pores per unit volume

I = length of a pore
1, = pore length in a network of pores of uniform length
L(Ddl = number fraction of pores with length in range
[l,1+ dl]
n, = unit vector parallel to the axis of pore
n,,. = unit vector parallel to the x, y, z axis of a Cartesian coor-
dinate system
N = macroscopic diffusion flux
N, = diffusion flux in pore i
N, = rate of molar flow in pore i

Q = proportionality constant

r = pore radius

r,, = most probable pore radius in a normal distribution of
pore size
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r, = lower limit of pore size range
r* = upper limit of pore size range
R(r)dr = number of pores per unit volume with radius in range
[r,r + dr]
V = volume
z = coordination number

Greek letters

a = population ratio in a discrete bimodal pore system
Ac = concentration difference between the two ends of a pore
Ve = macroscopic concentration gradient
Ve, = concentration gradient in pore i
€ = porosity
e(r)dr = porosity of pores with radius in range [r, r + dr]
¢, = porosity of pores of radius 7; in a network with discrete
distribution of pore size
o = standard deviation of a normal distribution

Subscripts

e = effective quantities
i = quantities referring to a pore of type / or to the ith pore
size of a discrete pore size distribution

Superscripts

" = average quantities
E-S = effective diffusivities or quantities obtained from effec-
tive-medium theory after applying smooth field assump-
tion
EX = “exact” effective diffusivities computed numerically
S = effective diffusivities or quantities based on smooth field
approximation
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